ABSTRACT By extending the definition of bipartite consensus to coupled harmonic oscillators, in this paper, we investigate the problem of the bipartite consensus control of coupled harmonic oscillators in directed network topology in which positive and negative interaction weights coexist, and a distributed bipartite consensus control protocol is proposed. Based on the specific structure of the coopetitive network topology, criteria that guarantee the achievement of bipartite consensus for coupled harmonic oscillators are presented. Furthermore, the final convergent states of the oscillators are also given in terms of the initial values of the agents and a specific eigenvector of the Laplacian matrix corresponding to the coopetitive network topology. Finally, simulations are presented to validate the theoretical analysis.
I. INTRODUCTION
In recent years, the collective behaviors of complex networked systems have been extensively studied by many researchers from a variety of fields, including control engineering, computer science and physics, because of the large number of potential applications in engineering applications [1] - [5] . In particular, the coordinated control of coupled harmonic oscillators has aroused considerable interest because of its successful application in many multi-agent networks, such as for cooperative patrolling, mapping, sampling or surveillance [3] , [6] . Subsequently, fruitful results regarding the understanding of the coordinated control of coupled harmonic oscillators have emerged in the last decade. For example, Ren [7] investigated the synchronization of coupled harmonic oscillators with continuous damping under both fixed and switching directed network topologies. Zhou et al. [8] and Zhang and Zhou [9] studied discontinuous synchronization control algorithms for a system of networked harmonic oscillators and presented corresponding impulsive [8] and sampled data [9] control protocols. Sun et al. [10] and Wang et al. [11] further studied this problem by considering random measurement noise in such a system. Wei and Xiao [12] presented an event-triggered control scheme for the synchronization of coupled harmonic oscillators. Very recently, this problem has been considered under conditions of restorative coupling for applications in electrical networks [13] . For more details on the coordinated control of coupled harmonic oscillators, one can refer to [3] - [18] and the references therein.
Meanwhile, the coexistence of competitive and cooperative (also called trust and distrust, like and dislike [19] , or coopetitive [20] ) interactions is very common in many natural and engineered multigroup systems, such as social networks [21] and many biological systems [22] . In this situation, the agents in such a system must be able to respond to all relevant mechanisms of interaction among each other, which can lead to different final agreements of the agents. Many excellent pioneering works [19] , [20] have been devoted to describing this phenomenon, and the concept of ''bipartite consensus'' has been proposed to interpret the different agreements of agents in such systems. Based on this concept, the coordination problems encountered in coopetitive network systems can often be recast as bipartite consensus control problems, and a large number of bipartite consensus control protocols have been presented from different perspectives. Hu and Zheng [20] reported a study of the detailed relationship between the network topology and the possible emergent collective behaviors (bipartite consensus, consensus or fragmentation) of multi-agent systems. Jiang et al. [23] investigated the bipartite consensus (cluster anti-consensus) problem for continuous multi-agent systems based on the Q-theory and presented a corresponding bipartite consensus control protocol. Xia et al. [24] and Lerner [25] studied a similar problem for social networks.
Based on the background summarized above, in this paper, we discuss the bipartite consensus control problem for coupled harmonic oscillators in a directed network topology with coopetitive interactions between oscillators. To the best of our knowledge, there are very few, if any, existing works devoted to the bipartite consensus problem for coupled harmonic oscillators. We present a distributed bipartite consensus control algorithm for each oscillator that uses the velocity state information of its neighbors and itself. Based on the specific structure of the eigenvectors of the Laplacian matrix associated with an eigenvalue of zero under a coopetitive network topology, some generic criteria for solving the bipartite consensus problem for coupled harmonic oscillators are presented. Furthermore, we also demonstrate that such coupled harmonic oscillators can exhibit complete consensus or fragmentation if the network topology has a certain structure. It should be noted here that, compared with the cluster consensus and group consensus (with two subgroups) phenomena discussed in [26] - [29] , bipartite consensus has a more stringent requirement: the final states of the agents must have the same modulus but opposite signs.
The remainder of this paper is organized as follows. Some necessary notations and definitions as well as the model description are introduced in Sec. II. Once the distributed coordinate control protocol and its convergence analysis have been presented in Sec. III, some relevant simulations are reported in Sec. IV. Finally, we present our conclusions in Sec. V.
II. PRELIMINARIES A. NOTATIONS AND DEFINITIONS
To facilitate a discussion of the emergent collective behaviors of a coupled harmonic oscillator system under a directed network topology with coopetitive (a mixture of cooperative and competitive) [20] weights, we use a graph G = (V , E) to describe the interaction topology of n coupled harmonic oscillators, where V = {1, 2, · · · , n} is the set of nodes and E ⊂ V × V is the set of directed edges. A sequence of distinct edges of the form (
The directed graph G has a directed spanning tree if there exists at least one agent with a directed path to every other agent. Moreover, if each pair of distinct nodes in V has a directed path, we say that G is strongly connected.
Let A = [a ij ] ∈ R n×n be the weighted adjacency matrix associated with the directed graph G, where a ij is defined as a ij = 0 if (j, i) ∈ E and a ij = 0 otherwise. We say that a (semi)cycle is positive if the product of the weights a ij in that (semi)cycle is positive and that it is negative if the product is negative. The directed graph G is said to be structurally balanced if all of its semicycles are positive, and G is said to be structurally unbalanced if at least one of its semicycles is negative. The corresponding Laplacian matrix L = [l ij ] ∈ R n×n is defined by l ij = −a ij (where i = j) and l ii = n j=1,j =i |a ij |. For more details on the graph theory of coopetitive networks, one can refer to [20] .
For subsequent discussions in this paper, we will rely on the following result.
Lemma 1 [4] 
∈ R n associated with the eigenvalue 0 that satisfies p i ≥ 0, i = 1, 2, · · · , n, and
B. MODEL DESCRIPTION
Suppose that a dynamic network consists of n harmonic oscillators, whose equations of motion can be expressed as
where r i (t) and v i (t) are the position and velocity, respectively, of the i-th oscillator; α > 0 is the frequency of the oscillators in the network; and u i (t) is the control input or protocol to be designed based on the information obtained by agent i from its neighbors and itself. This paper mainly focuses on the design of appropriate control protocols u i (t), i = 1, 2, · · · , n, such that the system described by (1) can reach bipartite consensus. Motivated by the definition of bipartite consensus given in [19] and [20] , the bipartite consensus of the system described in (1) can be defined as follows.
Definition 1: A system of networked harmonic oscillators, as described in (1) , is said to achieve bipartite consensus under control forces u i (t), i = 1, 2, · · · , n, if lim t→∞ r i (t) = ij lim t→∞ r j (t) and lim t→∞ v i (t) = ij lim t→∞ v j (t), where i, j ∈ {1, 2, · · · , n}, ij = 1 for i, j ∈ V 1 or i, j ∈ V 2 , and ij = −1 for i ∈ V 1 and j ∈ V 2 or i ∈ V 2 and j ∈ V 1 . Here, V l = ∅ for l = 1, 2, V 1 ∩ V 2 = ∅, and
Remark 1: Unlike the consensus or synchronization of a system of networked harmonic oscillators, bipartite consensus requires that the final states of the agents in the networked system described by (1) display two separate forms that have the same modulus but different directions. VOLUME 6, 2018 In order to realize consensus or bipartite consensus, we propose the following control protocol:
Therefore, (1) can be rewritten as
, where I n denotes the n × n identity matrix; then, the system description given in (3) can be rewritten asξ
Remark 2: It can be seen from the system description given in (4) that the dynamical system studied in this paper appears to have the same form as that considered in [7] and [8] . However, the main difference between our work and others [7] - [10] 
lies in the structure of the eigenvalues and eigenvectors of the matrix Q. Since negative weights between agents exist in the networked system, the corresponding Laplacian matrix L can display very different properties from those seen in the case of all-positive networks, as can the matrix Q.
Therefore, some of the analysis methods used in much of the existing literature, such as [7] - [10] ,, may not be applicable for the convergence analysis of the system described in (4) .
III. RESULTS AND DISCUSSION
In this section, we will discuss the complete consensus or bipartite consensus of coupled harmonic oscillators for the cases of both homogeneous signed networks and heterogeneous signed networks.
A. CONSENSUS OR BIPARTITE CONSENSUS IN HOMOGENEOUS SIGNED NETWORKS
In this subsection, we first consider the convergence of the system described in (3) in the case of an all-positive network topology. Obviously, this situation has been studied previously, and the major results on consensus formation among such coupled harmonic oscillators are presented in [7] .
Theorem 1 [7] : Suppose that the directed graph G has a spanning tree. Then, according to (2) , as t → ∞,
, where p is defined as in Lemma 1. Next, we consider the convergence of the system described in (3) for the case of an all-negative network topology. As stated in [19] , a bipartite network may be structurally balanced or vacuously balanced, and conversely, if an allnegative network is structurally balanced, then it is bipartite.
In this case, the nodes in the all-negative network G can be divided into two clusters, V 1 and V 2 , which satisfy
Before moving on, we introduce the following lemma, which presents the structure of the eigenvalues and eigenvectors of Q and plays a key role in the bipartite consensus analysis of all-negative networks.
Lemma 2: If the directed all-negative network G is bipartite in nature and has a spanning tree, then the eigenvalues of the matrix Q, denoted by
T are the right eigenvectors associated with λ 1 and λ 2 , respectively, whereas the left vectors associated with λ 1 and λ 2 can be taken to be
These right and left vectors satisfy π
, and p is defined in (7) .
Proof: We define
Then, T −1 = T , and the matrix Q is similar to the following matrix:
From [20] , L is simply a Laplacian matrix with all non-negative weights. Therefore, 0 is a simple eigenvalue of L , all remaining eigenvalues of L have positive real parts, and there exists a
that satisfies p i ≥ 0, L 1 n = 0, p T L = 0 T and p T 1 n = 1. Let λ be an eigenvalue of matrix Q; then, λ is also an eigenvalue of T QT , and one can write
where Note that L 1 n = 0 n ; thus, one can obtain that
which indicates that
This indicates that
T is a left eigenvector of Q associated with √ αj. In the same way, one finds that
T is a left eigenvector of Q associated with − √ αj. Finally, from the fact that p T 1 n = 1, we deduce that π T i η j = 1 for i = j and π T i η j = 0 for i = j, where i, j ∈ {1, 2}. This completes the proof.
In the case of an all-negative network, we have the following result.
Theorem 2: Suppose that the directed graph G is a bipartite graph and has a spanning tree. Then, using (2), the system described in (3) reaches bipartite consensus. Furthermore, the final consensus state as t → ∞ can be explicitly expressed as
and
Proof: We write the matrix Q in Jordan canonical form as follows:
where From Lemma 2, κ i and ω i for i = 1, 2 can be chosen to be κ 1 = η 1 , κ 2 = η 2 , ω 1 = π 1 , and ω 2 = π 2 . Then,
Since Re(λ i ) < 0 for i = 3, 4, · · · , 2n, we have
That is,
From the system description given in (4), the state of
the harmonic oscillators r(t) v(t) is given by r(t) v(t) = exp{Q} r(0) v(0)
. By direct calculation, we can obtain
This completes the proof.
Remark 3: The form of the matrix is of key importance in reaching bipartite consensus for the system described in (1). Since the elements of can only be chosen to be 1 or −1, the states of agents from different subsets converge to the same modulus but in opposite directions. This result indicates that for an all-negative network topology, the bipartite consensus of the system described in (4) depends on the existence of such a matrix . Obviously, a matrix with this structure only exists in the structurally balanced or vacuously balanced case for an all-negative network topology, and therefore, bipartite consensus cannot be reached if the network graph G is structurally unbalanced. Remark 4: It can be seen from Theorem 2 that the networked harmonic oscillators described in (1) can reach bipartite consensus by means of the control protocol defined in (2), in which each agent can exchange velocity information only with its neighbors. Moreover, Theorem 2 provides a simple yet generic bipartite consensus criterion for coupled harmonic oscillators in an all-negative network topology.
Next, we will discuss a more general all-negative network that contains a spanning tree but may not have a bipartite graph topology. Suppose that an all-negative weighted directed graph G contains a spanning tree and has k strong components; therefore, by rearranging the indices of the nodes, the corresponding Laplacian matrix L can be obtained in the following form:
where L ii denotes the communication of information between agents in the i-th strong component and L ij denotes the communication of information from an agent in the j-th strong component to an agent in the i-th strong component; here, i, j = 1, 2, · · · , k and i = j. Since G contains a spanning tree, for i ≥ 2, there exists at least one matrix in L ij , j = 1, · · · , i − 1, that is not a zero matrix. Thus, we can conclude that the −L ii , i = 1, 2, · · · , k, are Hurwitz stable. Note that the agents in the first strong component cannot receive any information from other strong components; therefore, the final collective state of the agents in the first strong component will 1) converge to zero if the first strong component is structurally unbalanced [20] or 2) reach bipartite consensus if the first strong component is structurally balanced. According to the containment control theory [30] , the agents in the second strong component will ultimately converge to the convex hull formed by the agents in the first strong component. By repeating the above analysis process, we obtain the following result:
Remark 5: Consider an all-negative weighted directed graph G that contains a spanning tree and has k strong components, whose corresponding Laplacian matrix L takes the form given in (17) . Then, the system described in (3) will converge to zero if the first strong component is structurally unbalanced and system will reach bipartite consensus or fragmentation if the first strong component is structurally balanced. This result will be further illustrated by Example 1 in Sec. IV.
B. BIPARTITE CONSENSUS IN HETEROGENEOUS SIGNED NETWORKS
If a network is heterogeneous and coopetitive, then the coupled weights between agents can be positive and negative. From [20] , one can find that if a heterogeneous signed network has a spanning tree and is structurally balanced, then the network can be partitioned into two subgraphs with node sets V i (i = 1, 2) (which satisfy a ij ≥ 0 if i, j ∈ V 1 or i, j ∈ V 2 and a ij ≤ 0 otherwise), and we obtain the following result by following an analysis process similar to that in [20, Lemma 2 and Lemma 3].
Lemma 3: If the directed heterogeneous coopetitive network G is structurally balanced and has a spanning tree, then the eigenvalues of the matrix Q, denoted by
T are the right eigenvectors associated with λ 1 and λ 2 , respectively, whereas the left eigenvectors associated with λ 1 and λ 2 can be taken to be
These right and left eigenvectors satisfy π T i η j = 1 for i = j and π T i η j = 0 for i = j. Here, = diag{φ 1 , φ 2 , · · · , φ n }, where φ i = 1 when i ∈ V 1 and φ i = −1 when i ∈ V 2 , and p is defined in (7) .
Based on Lemma 3, we can present the second main result as follows.
Theorem 3: Suppose that the heterogeneous coopetitive graph G is a structurally balanced graph and has a spanning tree. Then, using (2), the system described in (3) reaches bipartite consensus. Furthermore, the final consensus state as t → ∞ can be explicitly expressed as
Proof: The proof is similar to that of Theorem 2, and we omit it here for brevity.
Remark 6: Unlike in the case of an all-negative network, under the control law defined in (2), the system described in (3) will never reach complete consensus or complete synchronization under a structurally balanced coopetitive network topology. Theorem 3 shows that the final state of the system described in (3) (2) , the system described in (3) reaches consensus, and lim t→∞ r i = lim t→∞ v i = 0.
Proof: Let λ be an eigenvalue of the matrix Q. Then,
By straight computation, one can find that the eigenvalues of the matrix Q take the form
, where the ς i , i = 1, 2, · · · , n, are the eigenvalues of the matrix −L. It is easy to see that each of the eigenvalues of Q has a negative real part; that is, the matrix Q is Hurwitz stable. Therefore, the desired result is obtained.
Remark 7: Corollary 1 indicates that a structurally unbalanced and strongly connected network topology has the effect of stabilizing coupled harmonic oscillators. This phenomenon cannot emerge when the control protocol defined in (2) is used under the all-positive network topology, in either the continuously coupled [7] or the impulse-coupled [8] case. Recently, [16] 
IV. SIMULATION STUDY
This section reports numerical simulations conducted to illustrate the theoretical results presented above. Without loss of generality, we assume in this section that the values of the weights a ij are constrained to the set {−1, 0, 1}. Next, we will present numerical simulations of networks consisting of seven harmonic oscillators to illustrate Remark 5. Two structurally unbalanced competitive networks are shown in Figures 3 and 4 . The difference between these two network topologies is that the one in Figure 3 is strongly connected, whereas the one in Figure 4 is not. The state evolution processes of the seven harmonic oscillators in each system are described in Figures 5 and 6 topology that is structurally unbalanced. To illustrate this point, we introduce the strongly connected network shown in Figure 9 . Figure 10 On the other hand, when a structurally unbalanced network is not strongly connected, the states of the harmonic oscillators in such a network can also gradually approach zero. The corresponding network structure with seven harmonic oscillators is shown in Figure 11 , and the time Furthermore, when the network is structurally unbalanced and not strongly connected, the harmonic oscillators in the network can exhibit fragmentation behavior. This 
V. CONCLUSION
In this paper, we investigated the problem of bipartite consensus in a system of coupled harmonic oscillators with a directed network topology in which positive and negative interaction weights coexist. By extending the definition of bipartite consensus to a system of coupled harmonic oscillators, we developed a corresponding bipartite consensus control strategy. In particular, the structures of the eigenvalues and eigenvectors associated with the Laplacian matrix were determined by thoroughly exploiting the characteristics of coopetitive network topologies. Finally, simulations were presented to verify the theoretical results. Future work will address a sampled-data bipartite consensus control scheme and the bipartite consensus problem with noisy damping.
